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The possibility of the equilibrium of a system of two rapidly rotating discs when their Newtonian attraction is exactly balanced
by gravimagnetic repulsion is demonstrated. The dependence of the distance between the discs on the moments of momentum
of the discs about the axis of symmetry is obtained. The gravitational fields of the discs are modelled using the supercritical Kerr
solutions in the weak-ficld approximation. The condition for there to be no conical points on the axis between the discs and the
condition for there to be no closed timelike lines in the General Theory of Relativity give, in the Newtonian limit, a system of
two discs in equilibrium with a special distribution of the moment of momentum and the density.

In steady gravitational fields, the force acting on a test mass can be split into two parts, one of which,
for low particle velocities in the weak-field approximation, is identical with the Newtonian force, while
the other is a gravimagnetic (or gravitomagnetic) force. The gravimagnetic force acts in the same way
as the Coriolis force and causes a precession of gyroscopes in the field of rotating masses [1, 2]; the
analogy with a magnetic field which causes the Larmor rotation of electrons was discussed in [3]. Various
methods of detecting the gravimagnetic force experimentally have been proposed.

In this paper we use the weak-field approximation for the steady solutions of Einstein’s equations
without assuming the velocities to be small compared with the velocity of light. An expression is obtained
for the interaction force between rapidly rotating objects at considerable distances (Section 1). It is
shown that equilibrium is only possible in a system of coaxially rotating discs if the distance between
them does not exceed their dimensions. It is shown that the distribution of material in the disc must
be compact since equilibrium is not possible between dust-like rings (Section 2). The central result of
this paper is a proof that equilibrium is possible between two Kerr discs when their attraction is globally
balanced by gravimagnetic repulsion (Section 3).

Note that it was suggested in [4] that, within the framework of the General Theory of Relativity, steady
configurations of soliton solutions without supports are possible. A more careful investigation of this
problem was carried out in [5-7] using the formalism of Belinskii and Zakharov [8] and it was shown
that it is impossible to satisfy both conditions of regularity on the axis of symmetry between black holes:
there are no conical points and no closed timelike lines.

These algebraic conditions were investigated in [9] using analytic continuation of the parameters of
the solution for two Kerr black holes in the supercritical region, and the distance between them was
calculated approximately for two equal discs. A direct approach, not using the procedure of analytic
continuation, was developed in [10]. By a numerical investigation of the corresponding algebraic system
it was found that global equilibrium is possible in a disc-black hole system, as well as merging of the
discs when they approach each other and the formation of an extremal Kerr black hole and other effects.
The approach developed below agrees asymptotically with the weak-field approximation for the exact
solution [10].

1. We shall take the equations of the timelike geodesic and steady gravitational fields in the form

d Yi(h 208 /h
—_—— _-—-(._a_’YBY'a'DBDY +l7—(gﬁ,(l _gava) (1.1)
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We have used the following notation here [1]: g = —go/800, # = 800> Y5 = — 8ps + 8po&50/800
(@, B, 6 =1,2,3),ds*> = gdx'dx’ (i, j = 0, 1, 2, 3) is the square of the interval of steady space—
time, ¥ = (1~ v%c?) ™2, v are the components of the three-dimensional velocity, and the indices are
juggled using the metric y,g. For weak steady fields goo ~ 1 + 2d>/c2 and motions, for which in Cartesian
coordinates g, 0P0Y ~ ~¢v%c?, Egs (1.1) take the form

dyo, I di=—-v* ((1+v* / )+ ¥ (vxH), /¢ (1.2)

Here 1 is the proper time of a particle and H = rot A, 4, = c’g,. The equations of motion of a
continuous medium with energy-momentum tensor Tj; in weak steady fields can be written in the form

T =—0,QT T/ +(§xH), /c, cj, =T
For the fields occurring in Eq. (1.2) we have, from the linearized Einstein equations
Ad=GQRTY ~T )/ ¢ (1.3)
where Tf is the trace of the energy-momentum tensor of the field sources, and
rot H = 16nGj/c (1.4)
The vector cj has its own components of the component T of the energy~momentum tensor of the

sources. If the dimensions of the system of bodies are small compared with the scale of variation of
the gravitational field and its total momentum is zero

J TRdV =% my¥ive, =0

v o
the force acting on this system can be represented in the form

VM1 + K, - H/(2c))
where K, is the total moment of momentum of the system
K, =] (r=R)XjdV =3 mgy2(r, —R))X Vg
Vv o

and M is the total mass of the system

] QY ~THdV =3, myyi(1+vi/c?)
1% o

If we use the approximate solutions of Laplace’s equation far from the sources with mass M, and
moment of momentum K, we have

M, 2G 1
=— , H=——VI(K,V
¢ Ir—R,! c (( 2 )Ir—RZI]

In this case the assumption ZPW\)%Y ~ —¢,,0%/c? follows from the fact that, far from the sources, in the
first approximation we have kg = —5‘;1:8. Hence, the force with which one of the distant sources at rest
acts on the other (body 2 on body 1, say) is

G MM, c? 92 1
F=—=V,|-—"2_ ;K K 1.5
c? ‘( IR, —R,l '*" 2P gxgxB IRl—R2IJ (13)

2. However, the interaction between extended objects is not described by such a simple formula. We
will first calculate the projection on the axis of symmetry of the gravimagnetic force of interaction
between two rotating rings F,. It is equal to K,H,/c, where H, is the radial component of the
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gravimagnetic field strength produced at points of the first ring by the second ring and K is the angular
momentum of the ring 4 (4 = 1, 2) about the axis of rotation. We obtain from (1.4)

4GKL % _cosedd  _  2RR
ne(I* +R2+R2% 0 (1-xcos¢)ys L +RI+R:

H, =-

At considerable distances k < 1, and the gravimagnetic force of repulsion will be equal to 6GK;K»/(c?L*),
in agreement with (1.5). For the force of attraction of the rings we have

GMM,L  © do

F,=-
n(I2+R2+ R o (1-xcos¢)?

ge

Hence, the total force acting on ring 1 will be equal to

Fg,(l 2Kk, f(»c)]

M, M,c?

A graph of the function f{(x) i is shown in Fig. 1. If we assume that the material of the rings consists
of dust, we have K, 4= ZupARAy ‘4, where p4 is the scalar mass per unit length of the rmgA and M, =
21tpARAy?4(1 +v%/c?) (A = 1, 2). The total force acting on ring 1 can then be represented in the form

2v/¢c  2v,/c
Fill- 1 '1
“( 1+v} /¢t 1402 /¢ z/x )]

The expression in parentheses is always greater than zero and vanishes provided vy > c (4 = 1, 2),
x — 1. Consequently, equilibrium between rings consisting of dust matter, in the weak-field approxi-
mation, turns out to be impossible for any rotational velocities less than the velocity of light and the
corresponding exact solution in the General Theory of Relativity (if it exists) will not have a limit in
the weak-field approximation. Hence, the distribution of matter in discs which are in equilibrium must
be fairly compact.

We will now consider the forces of interaction between two extended discs close to one another
when the dimensions of the discs are much greater than the distance between them. Suppose the density
of the material per unit area in the discs is 04 and the momentum density is i4. These quantmes are
obtained by integrating the components of the energy-momentum tensor 273 - T¢ and TYc over the
small thickness of the disc. Then, in the region of disc 2 in view of the assumption that the distance
between the discs is much less than the dimensions of the discs, we have that asymptotically ¢,, =~
—2rc;, n X Hy = —8miy/c. Hence, the force acting on unit area of the first disc in the region inside it
(ignoring edge effects) is

Fig. 1.
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F = -2m0,0, +8n(i, -i,)/ ¢ 21

If we assume that the discs have a surface density p4 and consist of dust, for which the trace of the
energy-momentum tensor is the scalar density (multiplied by ¢?), we have

2 2, . 2
Ca=Pa¥all+v,4/c7), ig=paYaVa

and the velocity is directed along the tangent to the concentric circles. We then obtain from the expression
for the force density

22)

F=_2mlcz(l 2y, /¢ 2D2/c)

140 /2 1402 /¢

Hence, as in the case of dust-like rings, in dust-like extended discs attraction in the internal regions
predominates over repulsion. Unlike rings, for sufficiently close spacings between the discs the expression
for the force density approaches a constant (2.2), and hence the dimensions of discs that are in
equilibrium cannot appreciably exceed the distance between them. In this case a more detailed investiga-
tion is necessary, which will be carried out in Section 3 to calculate the projection of the principal force
vector on the axis of symmetry for Kerr discs.

The projection of the principal force vector, acting on a plane disc in an external field, on the axis
of symmetry is given by the following expression (the square brackets denote discontinuities in the
corresponding quantities in the plane of the disc)

_1 9] 1 -
4nG J [an] on ds+ 167G J (S =0 (23)

It was assumed in (2.3) that the discontinuity in the gravimagnetic field H only has a tangential
component. Outside sources the gravimagnetic field H, by (1.3), is a potential field, i.e. H = 2Vy, In
the axisymmetric case the functions ¢ and y arise in the Newtonian limit for the Ernst function

E=1+2(¢ + iy)/c?

We will further assume that two axisymmetric discs rotating around a common axis of symmetry z at
a distance / from one another act as sources of steady gravitational field. By (2.3) the necessary condition
of equilibrium of, say, disc 2 in the gravitational field of disc 1 is the following

L |[202]900  [2902]000 | o _
el [[ an ] 5 +[ azz] apI }pdp‘o 24)

In the region of the edge of the disc the fields ¢, and vy, are singular, and hence in (2.4) a correct
passage to the limit from the closed smooth surface to the surface of the disc is necessary.

3. We will choose as a specific model of each of the discs the weak-field approximation for the Kerr
solution in which the radii of the discs are much greater than their corresponding gravitational radii
Gmy/c?. The overall moments of momentum of discs 1 and 2 are given by the formulae K; = mco,
K> = mycB, respectively. These discs can be treated as cracks in space~time in which a transition to
another copy of space-time occurs (similar to the transition from one sheet of a Riemann surface to
another in the theory of multivalued analytic functions of a complex variable). Thus, we will assume
that the potentials of the discs are given by the following expressions

(__‘_+LJ, v, =igMe

m
=-GMa
@ ha g4 2

1 1
> (— - ——}, a=12 3.1)

e T4

Fea = (2~ 1, FiR,): +p



The possibility of equilibrium positions of rapidly rotating bodies in gravitational fields 723

where R, is the radius of the ath disc and /, is the coordinate of its position on the z axis. We will further
putly =11, =0, R, = a, R, = B. In Fig. 2 we show the pattern of lines of equal potential ¢, = const
(Where const = tg(n x 0.0257) and 7 is an integer). The pattern has two axes of symmetry—horizontal
z = 0 and vertical p = 0, and hence we only show the quadrant z = 0, p = 0 here. The point 4 in
Fig, 2 is an unstable position of equilibrium of a saddle type. In the region of the edge of the disc there
is a singular increase in the gravitational forces similar to the concentration of stresses in the region of
the edges of a crack with a similar asymptotic form. In fact, by (3.1) the complex potential in the region
of the edge of the disc has the asymptotic form

, -_ M|G = . 3.
o +iy, m, E=p+iz (3.2)

It follows from the form of the potentials ¢,(y,) that they are symmetrical (antisymmetrical) about
the planes of the corresponding discs. Hence, the condition of equilibrium (2.4) can be rewritten in
the form

9%, 99, d [ dy,
—HL2X2 hgn = —|p—L g .
| 3i50pde=l v 3\P o [P (3.3)

In the integral on the right-hand side of (3.3) lim y, = (B> - p?)™2 as z — 0. If we change to the vari-
able ¢ = B2 - p?, we obtain the right-hand side of (3.3)

B dr aB? 1) oy
2"1]”120(]; 77T737dt (3.4)

Here

v=IV2/VJAB, A=+-b++B, B=b +40%% b=t+0?-p>+?

The limit must be taken more carefully on the left-hand side of (3.3). To calculate the left-hand side
of (3.3) we will consider taking the limit as € — 0 of the integral over the surface consisting of a circle
0 = p = B,z = €/(2B) > 0 and part of a torus

22+ (p - B)* = €%/(2B)? (3.5)

with 0 < p - B < ¢/(2B), z > 0. We will put

EUAN

/)
e

J

Fig. 2. Fig. 3.
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F(ty=QABY 2B (12 ~1)(1? — t + 4a?) - 40212 + VB(* — 1 +202))

The integral on the left-hand side of (3.3) can then be represented in the form of the sum of integrals
over the surfaces indicated above

Gmym,p B 2 _q2 _ 3&_2_‘.[52_) 3.6
eV (a(j) f+a’ ~B*)F(t)de Te (3.6)
F(t)= 2t -t f=vr?+¢?

i -nh’

The last term in the square brackets corresponds to the integral over a quarter of the circle (3.5),
obtained using the asymptotic form (3.2). In order to take the limit we will first replace the factor
2 € in this term by the identically equal expression

% =¢| F(t)ds G.7)
0

Splitting the interval of integration in (3.7) into two parts (from 0 to B2 and from B2 to ), after
substituting into (3.6) and taking the limit as € — 0, we obtain, using (3.4) and (3.3), the required equation
for determining the distance between two discs / as a function of their radii o and

2 a ¥ dt
. 2 , 2 _n2 -2 2—t ;t ;_=0 38
fla )+B£ fe+o’-p T (J)((B WY (3.8)
This has the simple solution

I=o+pB (3.9)

We will expand the left-hand side of (3.8) in a series of powers of B and take into account terms up
to p? inclusive. We obtain
?-a? 20B3I%-0%) . 3Bt - 61%a% +at)
F+a?)? (P +a?y (% +a?)?

-101%a2 +a*)

(514
- 408}
B @? +ao?y

+...=0

(3.10)

It follows from (3.10) that B = I — o + o((! - «)®). Numerical solution of Eq. (3.8) shows that the
solution (3.9) is exact (for a numerical investigation it is best to choose a system of units in which
o = 1). Using the expressions for o and f in terms of the moments of momentum of the discs we obtain

cl= Kllml + K;)_/ﬂ’lz (311)

Expression (3.11) gives an upper limit for the distance between actual discs which can be in equilibrium
when the Newtonian attraction is compensated by gravimagnetic repulsion. In Fig, 3 we show the pattern
of lines of equal potential for two discs in equilibrium for the same values of the potentials as in
Fig. 2. The pattern has two axes of symmetry—horizontal z = 0 and vertical p = 0, and hence we only
show the quadrantz = 0,p = 0.

4, We will now consider the condition of equilibrium between a disc described by solution (3.1) and
a compact source on the axis of rotation z with mass m, and rotational moment K, = c¢fim, directed
along the z axis (such Newtonian analogues arise for Curzon solutions with rotation in the General
Theory of Relativity). Then, equating the sum of the Coulomb and gravimagnetic forces, calculated
using (1.2), to zero, we obtain a condition corresponding to the case when the sum of the first two terms
on the left-hand side of (3.10) vanishes.

As B — 0 this condition of equilibrium reduces asymptotically to condition (3.10). Note that this position
of equilibrium is unstable with respect to lateral displacements from the z axis when o, </ < ov3.
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5. The results obtained above are a Newtonian interpretation of the exact solutions with a regular
behaviour of space—time along the section of the axis of symmetry between the rotating bodies [10],
obtained here within the framework of the General Theory of Relativity using the method employed
in [11). These results are in a sense a summary of those obtained in [5, 6, 7, 9].

In Fig. 4 we show attracting rotating discs in equilibrium, where the radius of disc 2 is fixed while
discs 1 have radii bounded by the dashed curves in Newtonian theory and by the continuous curves in
the General Theory of Relativity. The pattern has an axis of symmetry which coincides with the axis of
the discs, and hence we have shown only half the pattern here. Along section 4,4, the second attracting
body is converted into a black hole, since along this part the condition for the existence of a horizon
is satisfied. Hence, equilibrium is possible between discs and black holes, where the black holes can
only appear in the neighbourhood of the saddle point.A. We recall that in the Weil coordinates employed
a black hole is a section of the axis of symmetry.

There is another curious result that can only be obtained in the accurate theory from Einstein’s
equations: if two discs with equal masses and equal moments of momentum converge without limit, an
extremal Kerr solution is obtained with double mass and rotation parameter equal to the mass multiplied
by G/c?. In the General Theory of Relativity there is one other free parameter to describe the equilibrium
configurations in addition to the distance between the discs. To obtain the values of these two parameters
the conditions for there to be no conical points and closed timelike world lines are used.

REFERENCES

. LANDAU L. D. and LIFSHITS Ye. M., Theoretical Physics, Vol. 2. Field Theory. Nauka, Moscow, 1967.

. WEINBERG S., Gravitation and Cosmology: Principles and Applications of the General Theory of Relativity. John Wiley,
New York, 1970.

MASHHOON B,, On the gravitational analogue of Larmor’s theorem. Phys. Lett. A173, 4/5, 347-354, 1993.

KRAMER D. and NEUGEBAUER G,, The superposition of two Kerr solutions. Phys. Lett. A7S5, 4, 259-265, 1980.

. VESELOV A. P, The structure of axially symmetric soliton solutions of Einstein’s equations. Teor. Mat. Fiz. 54, 2, 239-245,
1983.

TOMIMATSU A., On gravitational mass and angular momentum of two black holes in equilibrium. Progr. Theor. Phys. 70,
2, 385-393, 1983.

. HOENSELAERS C., Remarks on the double Kerr solution. Progr. Theor. Phys. 72, 4, 761-767, 1984,

. BELINSKII V. A. and ZAKHAROYV V. E,, Stationary gravitational solitons with axial symmetry. Zh. Eksp. Teor. Fiz. 77, 1,
1-19, 1979.

DIETZ W. and HOENSELAERS C., Two mass solutions of Einstein’s equations. The double Kerr solution. Annals Phys.
165, 319-383, 1985.

. ZARIPOV M. N,, SIBGATULLIN N. R. and CHAMORRO A,, Vestnik MGU. Ser. Mat. Mekh. 6 (in press), 1994,

. SIBGATULLIN N. R., Oscillations and Waves in Strong Gravitational and Electromagnetic Fields. Nauka, Moscow, 1984,

N

o AW

~S w0 %N

[argyry

Translated by R.C.G.



